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For a compact set D C RY with non-empty interior and a positive weight
function w € Ly(D), the associated Christoffel function is defined as

-1
An(D, w,X) (Z‘Pk ) . xeD,

where P, = Pp 4 is the space of all real algebraic polynomials of total
degree < nin d variables and {¢k}N_, is an orthonormal basis of P,

w.r.t. = [ f( (y)dy.
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Equivalently, the Chrlstoffel function can be defined through the following
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If w =1 is the uniform weight, we will write Ap(D,x) = Ap(D, w, x).



Th. (Bos, Della Vecchia, Mastroianni, 1998) For centrally symmetric
positive continuous weight w on the unit ball in R? one has
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where BY = {x ¢ R : |x| < 1}.
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This is an example of a typical result on computation of asymptotics of
Christoffel function, which usually establishes that

lim n9\,(D, w,x) = p(D, w,x)

n—oo

and explicitly computes the limit function p(D, w, x) at interior points x € D.
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This is an example of a typical result on computation of asymptotics of
Christoffel function, which usually establishes that

lim n9\,(D, w,x) = p(D, w,x)

n—oo
and explicitly computes the limit function p(D, w, x) at interior points x € D.

It is crucial to know structure of orthonormal polynomials for results of this
type. Unfortunately, we know almost nothing for domains admitting any
generality.



Th. (Kroo, 2015) If K C R? is a starlike C* domain, 0 < o < 2, w is
positive and continuous on K, then
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Th. (Kroo, 2015) Iif1 < o < 2, for any z = (t,0,...,0) € BJ, t ¢
[1/2.1],

d
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where
Bg = {(x1, . xg) a4 | xg|* < 1)
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Bounds on asymptotics for uniform weight transfer to any positive continuous
weight by universality in the bulk results of Kroo and Lubinsky (2013).
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If Dy Cc D, C RY then
An(D1,x) < Ap(D2,x), x € Dy.  (comparison)

For an affine transform Tx = xg + Ax of RY, where xg € R? and A is an
n x n matrix, we will write det T = det A and usually assume det T # 0.
We have

An(TD, Tx) = A\p(D,x)|det T|, x & D. (affine transform)
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To deduce

(B9, x) < c(d,o)n™9/1—|x|?, xe(1—-on2)BY,

choose T as identity and note rotation invariance, p,(0) = n~1, and that

pn(x) < c(o)n V1 —x2 for [x| <1 —on~2.



In the other direction, the difficulty in showing
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In the other direction, the difficulty in showing

An(B9,x) > c(d,o0)n"9\/1 — |x2, xe€(1—on2)BY,

is that for extremal polynomial P € P, 4 satisfying P(x) = 1 and
\|P]\i2(3d) = An(B?,x) we do not know if HPHim(Bd) =1. Yet, it is
possible to show |[P|;_(1-6/2)84) < c(d) and then use
Bernstein(-Markov)-type inequalities to find a neighborhood of x of

measure c(d,o)n~9/1 — |x[2 in which P > 1.



Lemma. (P., >2017) Suppose a convex body D C RY is contained in a
ball of radius R. For anyx € D\ 0D, letu € R be a unit vector such that
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A similar domain-independent bound in the other direction was proved by
Kroo (2015) with the main term n=9§9/2,
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surement. We also consider size of the hyperplane section in the orthogonal
direction.
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Th. (P., Usoltseva, >2017) Suppose D is a planar convex body, u € RY
is a unit vector, and 'y € OD is such thaty — fu € D. Let

i(8) :=max{t:y—du+(-1)tve D}, i=12 0<d<p,

where v is one of the two unit vectors orthogonal tou. If § > on=2, o > 0,
then

~—

. . it
_ > -2 !
An(Dy — 6u) > c(B,0)n \/5,.@{[126/2'&5\/5
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then

_ : . ()
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An(Dy — 6u) > c(B,0)n \/5,.@{[126/2'&5\/5

Idea: comparison with a properly chosen ellipse contained in D.

Corollary. (P., Usoltseva, >2017) Lety € 9B2, 1 < a <2,0<y <y,
u be the outward unit normal aty, on"? < § <1, 0 > 0. Then

An(B2,y — du) ~ c(a, 0)n~25% (max{5, y{'}) =2
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and ; := max{t : x + (—1)'tv € D}, i = 1,2, where v is one of the two
unit vectors orthogonal to u. If § > on~2, >0, then

M(D,x) < c(r,R,0)n"?\/min{lh,d}.

This upper bound cannot be improved if only /;, b, § are measured.

Th. (P., >2017) For any positive h, b, § with 106 < I, b < -, one can
find a planar convex body D C 4B? and x € D satisfying for u := x/|x|
that B2 = B2+ x — |xju C D, § = max{t : x + tu € D}, [; = max{t :
x+(—1)'tv € D}, i = 1,2, where v is one of the two unit vectors orthogonal
tou, and that for any n with 6 > on=2, ¢ > 0, the following inequality holds:

An(D,x) > c(o)n2y/min{lk,é}.
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Th. (P., >2017) Suppose a convex body D C R? contains a ball of radius
r and is contained in a ball of radius R. For any x € D\ 0D, let u € RY be
a unit vector such that for somev > 1

§ :=max{t:x+ tu € D} < wdist(x,9D)

and the hyperplane passing through x+d0u with normal vector u is supporting
toD. If6>on2, 0 >0, then

An(D,x) < c(d, r,R,v,0)n"9 min{/9, 51_%Vold,1({y €D :(x—y) Lu})}.
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Nikol'skii inequality: for D C R and 0 < p < g < oo with = p(D) > 0

1

1
1Pl ) < cn's ™ @¥||Pl|i, 0y P € Pag-

For example, u([—1,1]%) = 2d.

15



Nikol'skii inequality: for D C R and 0 < p < g < oo with = p(D) > 0

1

1
1Pl ) < cn's ™ @¥||Pl|i, 0y P € Pag-

For example, u([—1,1]%) = 2d.

If minyep Ap(D,x) =~ c(D)n™*, then the above Nikol'skii inequality holds
with this u.

15



Nikol'skii inequality: for D C R and 0 < p < g < oo with = p(D) > 0

1

1_1
1Pl ) < cn's ™ @¥||Pl|i, 0y P € Pag-

For example, u([—1,1]%) = 2d.

If minyep Ap(D,x) =~ c(D)n™*, then the above Nikol'skii inequality holds
with this u.

w(BY) =d+1

B =d+1,2<a<o0

w(BY) =2+ 2(d —1), 1 < a < 2 (Ditzian, P., 2016)
u(BY) = u(BL) = 2d
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Half-ball B3 = {(x1,x,x3) € B®: x3 > 0} does not properly fall into C*
classification of Kroo.
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Half-ball B3 = {(x1,x,x3) € B®: x3 > 0} does not properly fall into C*
classification of Kroo.

p(B3) =5 (Ditzian, P., 2016)

An(B3,(1—6,0,6/4)) = c(o)n36, on? < § < 1/3, 0 >0 (P., > 2017)
The hyperplane section for upper bound is anisotropic.
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