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For a compact set D ⊂ Rd with non-empty interior and a positive weight

function w ∈ L1(D), the associated Christo�el function is de�ned as

λn(D,w , x) =

(
N∑

k=1

ϕk(x)2

)−1
, x ∈ D,

where Pn = Pn,d is the space of all real algebraic polynomials of total

degree ≤ n in d variables, and {ϕk}Nk=1 is an orthonormal basis of Pn
w.r.t. 〈f , g〉 =

∫
D
f (y)g(y)w(y)dy.

Equivalently, the Christo�el function can be de�ned through the following

extremal property:

λn(D,w , x) = min
f ∈Pn, f (x)=1

∫
D

f 2(y)w(y)dy, x ∈ D.

If w ≡ 1 is the uniform weight, we will write λn(D, x) = λn(D,w , x).
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Th. (Bos, Della Vecchia, Mastroianni, 1998) For centrally symmetric

positive continuous weight w on the unit ball in Rd one has

lim
n→∞

λn(Bd ,w , x)

(
n + d

d

)
=
π

d+1
2 w(x)

√
1− |x|2

Γ(d+1
2 )

, |x| < 1,

where Bd = {x ∈ Rd : |x| ≤ 1}.

This is an example of a typical result on computation of asymptotics of

Christo�el function, which usually establishes that

lim
n→∞

ndλn(D,w , x) = ρ(D,w , x)

and explicitly computes the limit function ρ(D,w , x) at interior points x ∈ D.

It is crucial to know structure of orthonormal polynomials for results of this

type. Unfortunately, we know almost nothing for domains admitting any

generality.
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Th. (Kroo, 2015) If K ⊂ Rd is a starlike Cα domain, 0 < α ≤ 2, w is

positive and continuous on K, then

lim inf
n→∞

ndλn(K ,w , x) ≥ c(K , α)w(x)(1− ϕK (x))γ(α,d), x ∈ K \ ∂K ,

where

ϕK (x) := inf

{
µ > 0 :

x

µ
∈ K

}
and γ(α, d) =

1

2
+

(d − 1)(2− α)

2α
.

Th. (Kroo, 2015) If 1 < α < 2, for any z = (t, 0, . . . , 0) ∈ Bd
α , t ∈

[1/2, 1],

lim sup
n→∞

(
n

log n

)d

λn(Bd
α ,w , z) ≤ c(d , α)w(z)(1− ϕK (z))γ(α,d),

where

Bd
α := {(x1, . . . , xd ) : |x1|α + · · ·+ |xd |α ≤ 1}.
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We focus on behaviour of Christo�el function rather than its asymptotics.

For example, it was established by Mastroianni and Totik (2000) that for
doubling weights w on [−1, 1] (in particular, for w ≡ 1) and any x ∈ [−1, 1]

1

c

∫
Ix

w(t)dt ≤ λn([−1, 1],w , x) ≤ c

∫
Ix

w(t)dt,

where

Ix = [x − ρn(x), x + ρn(x)] ∩ [−1, 1], ρn(x) = n−2 + n−1
√
1− x2,

and c depends on the doubling constant of w .

Behaviour can be used to compute minx∈D λn(D,w , x),
while asymptotics cannot be used.

Bounds on asymptotics for uniform weight transfer to any positive continuous

weight by universality in the bulk results of Kroo and Lubinsky (2013).
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If D is a starlike body in Rd , then for any point x ∈ D

λn(D, x) ≈ λn(D, µx), µ ∈ [1− c(d)n−2, 1],

where c(d) = 2−3−d/2 (constants in �≈� are absolute).

Behaviour for the ball:

λn(Bd , x) ≈ c(d , σ)n−d
√
1− |x|2, x ∈ (1− σn−2)Bd .

In particular,

min
x∈Bd

λn(Bd , x) ≈ c(d)n−(d+1).
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Recall that

λn(D, x) = min
f ∈Pn, f (x)=1

∫
D

f 2(y)dy, x ∈ D.

If D1 ⊂ D2 ⊂ Rd then

λn(D1, x) ≤ λn(D2, x), x ∈ D2. (comparison)

For an a�ne transform Tx = x0 + Ax of Rd , where x0 ∈ Rd and A is an

n × n matrix, we will write detT = detA and usually assume detT 6= 0.

We have

λn(TD,Tx) = λn(D, x)| detT |, x ∈ D. (a�ne transform)
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Th. (Ditzian, P., 2016) Let D ⊂ Rd be a compact set, y = (y1, . . . , yd ) ∈
[−1, 1]d , T be an a�ne transformation of Rd such that D ⊂ T ([−1, 1]d )
and Ty ∈ D. Then

λn(D,Ty) ≤ c(d)| detT |ρn(y1)ρn(y2) . . . ρn(yd ).

The corresponding polynomials are explicitly constructed.

To deduce

λn(Bd , x) ≤ c(d , σ)n−d
√
1− |x|2, x ∈ (1− σn−2)Bd ,

choose T as identity and note rotation invariance, ρn(0) = n−1, and that

ρn(x) ≤ c(σ)n−1
√
1− x2 for |x | < 1− σn−2.

8



Th. (Ditzian, P., 2016) Let D ⊂ Rd be a compact set, y = (y1, . . . , yd ) ∈
[−1, 1]d , T be an a�ne transformation of Rd such that D ⊂ T ([−1, 1]d )
and Ty ∈ D. Then

λn(D,Ty) ≤ c(d)| detT |ρn(y1)ρn(y2) . . . ρn(yd ).

The corresponding polynomials are explicitly constructed.

To deduce

λn(Bd , x) ≤ c(d , σ)n−d
√
1− |x|2, x ∈ (1− σn−2)Bd ,

choose T as identity and note rotation invariance, ρn(0) = n−1, and that

ρn(x) ≤ c(σ)n−1
√
1− x2 for |x | < 1− σn−2.

8



Th. (Ditzian, P., 2016) Let D ⊂ Rd be a compact set, y = (y1, . . . , yd ) ∈
[−1, 1]d , T be an a�ne transformation of Rd such that D ⊂ T ([−1, 1]d )
and Ty ∈ D. Then

λn(D,Ty) ≤ c(d)| detT |ρn(y1)ρn(y2) . . . ρn(yd ).

The corresponding polynomials are explicitly constructed.

To deduce

λn(Bd , x) ≤ c(d , σ)n−d
√
1− |x|2, x ∈ (1− σn−2)Bd ,

choose T as identity and note rotation invariance, ρn(0) = n−1, and that

ρn(x) ≤ c(σ)n−1
√
1− x2 for |x | < 1− σn−2.

8



In the other direction, the di�culty in showing

λn(Bd , x) ≥ c(d , σ)n−d
√
1− |x|2, x ∈ (1− σn−2)Bd ,

is that for extremal polynomial P ∈ Pn,d satisfying P(x) = 1 and

‖P‖2
L2(Bd )

= λn(Bd , x) we do not know if ‖P‖2
L∞(Bd )

= 1.

Yet, it is

possible to show ‖P‖L∞((1−δ/2)Bd ) ≤ c(d) and then use

Bernstein(-Markov)-type inequalities to �nd a neighborhood of x of

measure c(d , σ)n−d
√
1− |x|2 in which P ≥ 1

2 .
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Lemma. (P., ≥2017) Suppose a convex body D ⊂ Rd is contained in a

ball of radius R. For any x ∈ D \ ∂D, let u ∈ Rd be a unit vector such that

δ := max{t : x + tu ∈ D} ≤ νdist(x, ∂D)

for some ν ≥ 1. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(R, d , ν, σ)n−d
√
δ.

Idea: comparison with an appropriate cube containing D.

A similar domain-independent bound in the other direction was proved by

Kroo (2015) with the main term n−dδd/2.
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In general, distance to the boundary by itself is not sensitive enough mea-

surement. We also consider size of the hyperplane section in the orthogonal

direction.

Th. (P., ≥2017) Suppose a planar convex body D is contained in a disc of

radius R, and for some x ∈ D \ ∂D and unit vector u ∈ Rd there are r > 0

and t0 < 0 such that rB2 + x + t0u ⊂ D. Let δ := max{t : x + tu ∈ D}
and li := max{t : x + (−1)i tv ∈ D}, i = 1, 2, where v is one of the two

unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(r ,R, σ)n−2
√
min{l1l2, δ}.

Idea: comparison with a properly chosen parallelogram containing D. The

corresponding polynomial is constructed explicitly.

Corollary: extra (log n)2 term can be removed in Kroo's upper bound on

λn(B2
α, z).

11



In general, distance to the boundary by itself is not sensitive enough mea-

surement. We also consider size of the hyperplane section in the orthogonal

direction.

Th. (P., ≥2017) Suppose a planar convex body D is contained in a disc of

radius R, and for some x ∈ D \ ∂D and unit vector u ∈ Rd there are r > 0

and t0 < 0 such that rB2 + x + t0u ⊂ D. Let δ := max{t : x + tu ∈ D}
and li := max{t : x + (−1)i tv ∈ D}, i = 1, 2, where v is one of the two

unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(r ,R, σ)n−2
√
min{l1l2, δ}.

Idea: comparison with a properly chosen parallelogram containing D. The

corresponding polynomial is constructed explicitly.

Corollary: extra (log n)2 term can be removed in Kroo's upper bound on

λn(B2
α, z).

11



In general, distance to the boundary by itself is not sensitive enough mea-

surement. We also consider size of the hyperplane section in the orthogonal

direction.

Th. (P., ≥2017) Suppose a planar convex body D is contained in a disc of

radius R, and for some x ∈ D \ ∂D and unit vector u ∈ Rd there are r > 0

and t0 < 0 such that rB2 + x + t0u ⊂ D. Let δ := max{t : x + tu ∈ D}
and li := max{t : x + (−1)i tv ∈ D}, i = 1, 2, where v is one of the two

unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(r ,R, σ)n−2
√
min{l1l2, δ}.

Idea: comparison with a properly chosen parallelogram containing D. The

corresponding polynomial is constructed explicitly.

Corollary: extra (log n)2 term can be removed in Kroo's upper bound on

λn(B2
α, z).

11



In general, distance to the boundary by itself is not sensitive enough mea-

surement. We also consider size of the hyperplane section in the orthogonal

direction.

Th. (P., ≥2017) Suppose a planar convex body D is contained in a disc of

radius R, and for some x ∈ D \ ∂D and unit vector u ∈ Rd there are r > 0

and t0 < 0 such that rB2 + x + t0u ⊂ D. Let δ := max{t : x + tu ∈ D}
and li := max{t : x + (−1)i tv ∈ D}, i = 1, 2, where v is one of the two

unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(r ,R, σ)n−2
√
min{l1l2, δ}.

Idea: comparison with a properly chosen parallelogram containing D. The

corresponding polynomial is constructed explicitly.

Corollary: extra (log n)2 term can be removed in Kroo's upper bound on

λn(B2
α, z).

11



Th. (P., Usoltseva, ≥2017) Suppose D is a planar convex body, u ∈ Rd

is a unit vector, and y ∈ ∂D is such that y − βu ∈ D. Let

li (δ) := max{t : y − δu + (−1)i tv ∈ D}, i = 1, 2, 0 < δ < β,

where v is one of the two unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0,

then

λn(D, y − δu) ≥ c(β, σ)n−2
√
δ min
i=1,2

min
δ/2≤t≤β

li (t)√
t
.

Idea: comparison with a properly chosen ellipse contained in D.

Corollary. (P., Usoltseva, ≥2017) Let y ∈ ∂B2
α, 1 < α < 2, 0 < y1 ≤ y2,

u be the outward unit normal at y, σn−2 < δ < 1, σ > 0. Then

λn(B2
α, y − δu) ≈ c(α, σ)n−2δ

1

2 (max{δ, yα1 })
1

α
− 1

2

12



Th. (P., Usoltseva, ≥2017) Suppose D is a planar convex body, u ∈ Rd

is a unit vector, and y ∈ ∂D is such that y − βu ∈ D. Let

li (δ) := max{t : y − δu + (−1)i tv ∈ D}, i = 1, 2, 0 < δ < β,

where v is one of the two unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0,

then

λn(D, y − δu) ≥ c(β, σ)n−2
√
δ min
i=1,2

min
δ/2≤t≤β

li (t)√
t
.

Idea: comparison with a properly chosen ellipse contained in D.

Corollary. (P., Usoltseva, ≥2017) Let y ∈ ∂B2
α, 1 < α < 2, 0 < y1 ≤ y2,

u be the outward unit normal at y, σn−2 < δ < 1, σ > 0. Then

λn(B2
α, y − δu) ≈ c(α, σ)n−2δ

1

2 (max{δ, yα1 })
1

α
− 1

2

12



Th. (P., Usoltseva, ≥2017) Suppose D is a planar convex body, u ∈ Rd

is a unit vector, and y ∈ ∂D is such that y − βu ∈ D. Let

li (δ) := max{t : y − δu + (−1)i tv ∈ D}, i = 1, 2, 0 < δ < β,

where v is one of the two unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0,

then

λn(D, y − δu) ≥ c(β, σ)n−2
√
δ min
i=1,2

min
δ/2≤t≤β

li (t)√
t
.

Idea: comparison with a properly chosen ellipse contained in D.

Corollary. (P., Usoltseva, ≥2017) Let y ∈ ∂B2
α, 1 < α < 2, 0 < y1 ≤ y2,

u be the outward unit normal at y, σn−2 < δ < 1, σ > 0. Then

λn(B2
α, y − δu) ≈ c(α, σ)n−2δ

1

2 (max{δ, yα1 })
1

α
− 1

2
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Th. (P., ≥2017) Suppose a planar convex body D is contained in a disc of

radius R, and for some x ∈ D \ ∂D and unit vector u ∈ Rd there are r > 0

and t0 < 0 such that rB2 + x + t0u ⊂ D. Let δ := max{t : x + tu ∈ D}
and li := max{t : x + (−1)i tv ∈ D}, i = 1, 2, where v is one of the two

unit vectors orthogonal to u. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(r ,R, σ)n−2
√
min{l1l2, δ}.

This upper bound cannot be improved if only l1, l2, δ are measured.

Th. (P., ≥2017) For any positive l1, l2, δ with 10δ < l1, l2 <
1
10 , one can

�nd a planar convex body D ⊂ 4B2 and x ∈ D satisfying for u := x/|x|
that B2 = B2 + x − |x|u ⊂ D, δ = max{t : x + tu ∈ D}, li = max{t :
x+(−1)i tv ∈ D}, i = 1, 2, where v is one of the two unit vectors orthogonal

to u, and that for any n with δ > σn−2, σ > 0, the following inequality holds:

λn(D, x) ≥ c(σ)n−2
√
min{l1l2, δ}.
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Th. (P., ≥2017) Suppose a convex body D ⊂ Rd contains a ball of radius

r and is contained in a ball of radius R. For any x ∈ D \ ∂D, let u ∈ Rd be

a unit vector such that for some ν ≥ 1

δ := max{t : x + tu ∈ D} ≤ νdist(x, ∂D)

and the hyperplane passing through x+δu with normal vector u is supporting

to D. If δ ≥ σn−2, σ > 0, then

λn(D, x) ≤ c(d , r ,R, ν, σ)n−d min{
√
δ, δ1−

d
2Vold−1({y ∈ D : (x−y) ⊥ u})}.

Idea: comparison with a properly chosen parallelotope containing D de�ned

using simplex of largest (d − 1) volume contained in the hyperplane section

{y ∈ D : (x− y) ⊥ u}.

Cannot be improved if only δ and Vold−1({y ∈ D : (x− y) ⊥ u}) are used.

Corollary: extra (log n)d term can be removed in Kroo's upper bound on

λn(Bd
α , z).
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Nikol'skii inequality: for D ⊂ Rd and 0 < p ≤ q ≤ ∞ with µ = µ(D) > 0

‖P‖Lq(D) ≤ cn
( 1
p
− 1

q
)µ‖P‖Lp(D), P ∈ Pn,d .

For example, µ([−1, 1]d ) = 2d .

If minx∈D λn(D, x) ≈ c(D)n−µ, then the above Nikol'skii inequality holds

with this µ.

µ(Bd ) = d + 1

µ(Bd
α) = d + 1, 2 ≤ α <∞

µ(Bd
α) = 2 + 2

α(d − 1), 1 < α < 2 (Ditzian, P., 2016)
µ(Bd

1 ) = µ(Bd
∞) = 2d
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Half-ball B3
+ = {(x1, x2, x3) ∈ B3 : x3 ≥ 0} does not properly fall into Cα

classi�cation of Kroo.

µ(B3
+) = 5 (Ditzian, P., 2016)

λn(B3
+, (1− δ, 0, δ/4)) ≈ c(σ)n−3δ, σn−2 < δ < 1/3, σ > 0 (P., ≥ 2017)

The hyperplane section for upper bound is anisotropic.
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