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1Pl 1y < en®e ™| Pllii1a), P €span{l,....x" 1},
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Our main interest: for D C R?, determine smallest ¢ = o(D) > 0 for which
11
IPlleyo) < en” ™2 |1PllLy0), P € Pra.

where 0 < p < g < o0 and
Pn,q are algebraic polynomials of total degree < n in d variables.
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Some examples:
o([-1,1]9) = 2d (cube),
o(B§) = d + 1 (Euclidean ball).

BY = {x € RY: xlla = (x| + -+ + xa|?)% <1}, 1<a<oo.

More specific question:
o(BH) =7 1<a<o0, a2
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It is sufficient to consider p = 2, g = oc:
if for a bounded domain D C R? we have

0/2H

1Plleo(py < en” “|IPllypys P € Prg,

for all n, then for any 0 < p < g < o0
o(L_1
1Plliyoy < en™ "2 |PllLy0). P € Pag,
for all n.

Assumption “for all n” is important: we use that P € P, 5 implies P* € Pg, 4
for positive integers s.

Our goal: determine ¢ in

sup{| Pl 2, : IPliw(py = 1. P € Pag} ~ n”.
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For a bounded domain D C R and a finite dimensional space S of bounded
continuous functions on D, the Christoffel function is given by

N
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Lebesgue measure on D.
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In our context:
sup{[IPlI 20y IPlio(o) = 1, P € Prg} = n”.
if and only if

C(Ppa, D) := sup C(Pyq,D,x) =~ n°.
xeD



Studies of asymptotics of Christoffel function usually focus on:
behaviour of C(Pp 4, D, x) when x € D is fixed and then n — oo
with typical results of the form lim n™*C(P, 4, D,x) = ®(x).

n—oo



Studies of asymptotics of Christoffel function usually focus on:
behaviour of C(Pp 4, D, x) when x € D is fixed and then n — oo
with typical results of the form lim n™*C(P, 4, D,x) = ®(x).

n—oo

Applications to Nikol'skii inequality require:

behaviour of C(Pp 4,D) = supyep C(Pnd,D,x), so n is fixed first, the
supremum over x € D is taken, and then n — oo.

Typical result C(P, 4, D) =~ n°.



Structure of orthogonal polynomials on general domains is hard to obtain.



Structure of orthogonal polynomials on general domains is hard to obtain.

For upper bounds we will use comparison between domains, affine transforms,
known results for cube and ball, and a new idea.



Structure of orthogonal polynomials on general domains is hard to obtain.

For upper bounds we will use comparison between domains, affine transforms,
known results for cube and ball, and a new idea.

For lower bounds we will use the variational definition and will give
constructions of polynomials (which begin with Chebyshev polynomials) that
provide matching bounds in many situations.
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Comparison between domains:
if Dy € Dy C RY are two bounded domains, then

C(Pn,daDlyx) 2 C(Pn,d7D2ax)7 X € Dl'
Affine transforms:

for any non-degenerate affine transform T (Tx = xg 4+ Ax, det T := det A)
on RY and any bounded domain D  RY, we have

C(Png, T(D), TX) = C(Ppg,D,x)|det T|!, x€D.
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Where is the sup in C(P,4,D) = sup C(P, 4, D, x) attained?
xeD

If D R? is a convex body, then max C(P,, D,x) < 29 max C(P,, D, x).
xeD x€dD

Observation: if x € D, then for some affine transform T with |det T| > 2%,
we have

xe€ T(0D) and T(D)cC D.

Conjecture: if D € R? is a convex body, then for each n,
max C(Pnd, D, x) is attained at an extreme point of D.
x€



Euclidean ball: C(P, 4, B¢) = C(Pna,BS,(1,0,...

70)) ~ nd+1'
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Matching upper bound: if D C R9 is a compact set, and D = Uy (x\+r\BS)
with infy ry > 0, then C(P, 4, D) < cn*1 (so C(P, 4, D) ~ nd+1).
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C?, and more generally, when 9D is C! and unit normal satisfies Lipschitz
condition.
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Matching upper bound: if D C R9 is a compact set, and D = Uy (x\+r\BS)
with infy ry > 0, then C(P, 4, D) < cn*1 (so C(P, 4, D) ~ nd+1).

This is true if D has sufficiently smooth 9D: in particular, when 0D is
C?, and more generally, when 9D is C! and unit normal satisfies Lipschitz
condition.

C(Pn,da Bg) ~ n9t1 for 2 < a < 0o.

11



Cube: Q = B4 =[-1,1]9, C(Pr4,Q) =

C(Pn,da Q, (:l:]-v e

., £1)) = n?.
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Cube: Q@ = B4 =[-1,1]9, C(Pnd, Q) = C(Png, @, (£1,...,+1)) ~ n2d

Lower bound: if D c R? is a compact set, T is an affine transform with
DcC T(Q)and x:=T(1,...,1) € D, then

C(Pnd, D) > C(Pnd, D,x) > c|det T‘_lnzd_

x=T(1,1)

.
~—
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Upper bound: if D € R? is a compact set and for any x € D there is
Tx satisfying x = T(1,...,1), Tx(Q) C D, while infy |det Tx| > 0, then
C(Pmd, D) < cn?d.

x = Ty(1,1)
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Upper bound: if D € R? is a compact set and for any x € D there is
Tx satisfying x = T(1,...,1), Tx(Q) C D, while infy |det Tx| > 0, then
C(Pmd, D) < cn?d.

x = Ty(1,1)

In particular, for any convex body D € RY we have C(Pna,D) < cn?d.

For any polytope D C R9 we have C(P, 4, D) =~ n??.

2d

n a=1 00
C(Ppq,B%) ~ ’ T
(Pn.a. Ba) ndtl 2<a< 0.
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Difficulty: 9B near (1,0,...,0) is too “narrow” (insufficiently smooth) to
inscribe a ball/ellipsoid.

14



How to find C(Pp4,B9) when 1 < o < 27

Difficulty: 9B near (1,0,...,0) is too “narrow” (insufficiently smooth) to
inscribe a ball/ellipsoid.

14



Solution:

15



Solution:

15



Extension outside of D

N
We can define C(P, 4, D,x) for any x € R? by C(P, 4, D,x) = Zapk(x)z,
k=1

where {gak}ﬁlzl is an orthonormal basis of P, 4 on D.
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N
2

We can define C(P, 4, D,x) for any x € R? by C(P, 4, D,x) = Z@k(x) ,
k=1

where {gak}ﬁlzl is an orthonormal basis of P, 4 on D.

The following tools and properties transfer to the extended definition:
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Extension outside of D N

We can define C(P, 4, D,x) for any x € R? by C(Pna,D,x) = Z@k(x)
k=1
where {gak}ﬁlzl is an orthonormal basis of P, 4 on D.

The following tools and properties transfer to the extended definition:

_ —2 d
C(Png D.x) = PEPa, P(r)=1 1Pl x € RS

Dy € Dy CRY = C(Pyg,D1,x) > C(Ppyg, D2,x), x € R,
C(Pnd, T(D), Tx) = C(Pnq,D,x)|det |71, x € RY.

2

]
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Ellipsoid with “handle”

Define v¢ := (14 n72/3,0,...,0) € Re.
Recallmg that C(Py.q, BS, (1, O, ...,0)) =~ ndtl
Markov's inequality implies C(P, 4, BS,v9) < c(d)n

d+1
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Ellipsoid with “handle”

Define v¢ := (14 n72/3,0,...,0) € Re.
Recallmg that C(Py.q, BS, (1, O, ...,0)) =~ ndtl
Markov's inequality implies C(P, 4, B§,v?) < c(d)nd+L.

Theorem (main result for upper estimates). If D € R? is a compact set,

T is an affine transform of R with T(B{) C D, then
C(Pnd, D, Tvd) < c(d)| det T|*n?*L.

Example: C(Pno,[—1,1]%, (£1,%1)) < en®.
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“Cone’-type sets
Theorem. § D c R% is a compact set, x € D, u € RY, lu =1, 8,y >0,
s € [5,1], and

{X+ou+XP°v:6€e0,8,Ae[0,9],veR? |v|=1,uLv}cCD,
then C(Pp.q,D,x) < c(d,B,fy)n”zs(d*l).
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“Cone’-type sets
Theorem. § D c R% is a compact set, x € D, u € RY, lu =1, 8,y >0,
s € [5,1], and

{X+ou+XP°v:6€e0,8,Ae[0,9],veR? |v|=1,uLv}cCD,
then C(Pp.q,D,x) < c(d,B,fy)n”zs(d*l).

s = 1: right circular cone, s = 1/2: almost a spherical cap.
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Corollary: upper estimate on C(P, 4, Bd) for1 <a <2
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Corollary: upper estimate on C(P 4, Bd) for1 <a <2

At any x € 9BY we can inscribe a “cone’-type set with s = 1/q,
“vertex” at x, and “axis” in the direction opposite to the outward normal
vector to the surface 9BY at x.
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Corollary: upper estimate on C(P 4, Bd) for1 <a <2

At any x € 9BY we can inscribe a “cone’-type set with s = 1/q,
“vertex” at x, and “axis” in the direction opposite to the outward normal
vector to the surface 9BY at x.

C(Ppg,BY) < c(a, d)n?taldD) 1 <o <2,
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Lower estimates: basic univariate construction

Denote pp(x) := % + %\/1 — x2. Forany n,m>1and y € [-1,1], there
exists a polynomial P, = Pp, m, of degree < n such that P,(y) =1 and

pn(y) "
P < etm (o700 =) - xebLa
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Lower estimates: basic univariate construction

Denote pp(x) := % + %\/1 — x2. Forany n,m>1and y € [-1,1], there
exists a polynomial P, = Pp, m, of degree < n such that P,(y) =1 and

pn(y) "
P < etm (o700 =) - xebLa

Two ways to obtain multivariate polynomials:
ridge functions and tensor product.

20



Lower estimate in terms of parallel section function
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Lower estimate in terms of parallel section function
For a unit vector £ € RY and a non-empty compact set D C RY,
Ape(t) :=Volg_1(DN{x€RY :x - &=t +h}),
where h € R is the smallest h such that DN {x € RY : x- & = t + h} # 0.
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Theorem. § D Cc R is a compact set, £ € RY, |€] =1, and n,m > 1, then
-2

-1
C(Pn, D) > ¢(m, D) </0 Ap ¢(t) dt +n~2m /_2 Ape(t)t™" dt> .

n
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In particular, if Ap ¢(t) < Mt t >0, for some M >0, A < m— 1, then
C(Pn, D) > c(m, D, M, \)n?(1N).
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n

In particular, if Ap¢(t) < MtA, t > 0, for some M >0, A < m — 1, then
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For D= B9, 1< a <2, we take &£ = (—1,0,...,0), then
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Theorem. § D Cc R is a compact set, £ € RY, |€] =1, and n,m > 1, then
-2

-1
C(Pn, D) > ¢(m, D) </0 Ape(t) dt +n2m /_2 Ape(t)t™" dt> .

n

In particular, if Ap¢(t) < MtA, t > 0, for some M >0, A < m — 1, then
C(Pn, D) > c(m, D, M, \)n?(A+2),

For D= B9, 1< a <2, we take &£ = (—1,0,...,0), then

So, C(Pnd,BY) =~ a1 1 < q <2

(0%
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Lower estimate using tensor product and affine transform

Theorem. If D C RY is a compact set, y = (y1,...,yq) € [-1,1]9, T is an
affine transform with D ¢ T([~1,1]9) and Ty € D, then

C(Png. D, Ty) > c(d)|det T| " p, (y1)pp  (v2) - - - o (¥a)-
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Lower estimate using tensor product and affine transform

Theorem. If D C RY is a compact set, y = (y1,...,yq) € [-1,1]9, T is an
affine transform with D ¢ T([~1,1]9) and Ty € D, then

C(Png. D, Ty) > c(d)|det T| " p, (y1)pp  (v2) - - - o (¥a)-

Examples: As p,(0) =~ n~! and p,(£1) = n=2, if T is identity, then
C(Pn,da [_17 1]d) > C(Pn,dv [_17 1]d7 (il, sy :I:]')) > C(d)nzd' and
C(Pnd, BS) > C(Pnd, BS,(1,0,...,0)) > c(d)n?+1.
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Question: is it true that for any x € D

C(Pna,D,x) < C(D)squ |det | o, (v1)on (v2) - - - pn H(va)

where the sup is taken over T satisfying D C T([-1,1]) and Ty = x,
for a large class of D, say for convex bodies?
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More examples

Half-balls in RY: BY := B N {x:x1 >0}, C(Ppq,BY) ~ nd*2.

Quarter-ball in R3: C(Pn3, B3 N{x: x> >0})~ n°.

o-s add when Cartesian product is taken,

say for cylinder: C(Png3, B3 x [—1,1]) ~ n®.

Affine transforms affect the constant, but not o,

say for a “thin” triangle A with vertices (£1,0) and (0, ¢),
we get C(Pnp, A) ~ e~ tn.
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Thank you!
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