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This defines a suitable family of parameters (v, k, A, 1) for which the corre-
sponding SRG may exist.
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There are families and particular instances of positive and negative results
on existence of SRG (see, e.g., electronically published tables by Brouwer).

Unknown cases for small v:
(65,32,15,16),

(69,20,7,5),

(75,32,10,16),

(76,30,8,14) — our case,

(76, 35,18, 14),

ten more cases with 85 < v < 100.

Note that the complement of a (v, k, A\, ) SRGisa (v,v—1—k,v—2k+
w—2,v—2k+ \) SRG.

Theorem. There is no (76, 30, 8,14) SRG.
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@ Euclidean representation of SRGs by systems of unit vectors;
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°
°

@ projections of Euclidean representation;

@ various combinatorial counting arguments;
°

two insignificant computer searches.
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A — sl >0, therefore A — sl = (z; - zj)i jev for some {z; : i € V} C RS;
define x; := z;/||z||, i € V.

1, ifi=],
Xj-x; =4 p, ifiandj are adjacent,

g, otherwise,

where p=s/k, and g = —(s+1)/(v — k—1).

For (v, k,\, 1) = (76,30,8,14), we have rf =257 and s& = (—8)'8.
InR', (p,q) = (~ 15, 5

In R%, (p,q) = (1 i (complement).
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Positive semidefiniteness of Gram matrix

Let m = {V;}{_; be a partition of a subset VoV,

Set X 1= Etevjxt: Jj=1,...,0 and let M = (X; - Xj)ff,j:l.
If a;j is the number of edges between V; and V;, i # J,

and a; ; is the number of edges in the subgraph induced by V;, then

M; ;i = |Vi|+2a; ip+(|Vi|(|Vi|-1)—2a;i)q, M;; = aijp+(|Vil|Vi|—aij)q.

We extensively used the following important inequality: det M > 0.

Example: there is no Ks in (76,30, 8,14) SRG.
Recall that in R'8, we have (p, q) = (— 1, %)
If Vi are the vertices of Ks, with £ =1 we get a contradiction because

det M = M171 =54+20p = *1/3.
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For fixed integers n > 1, t > 0, consider homogeneous polynomials

_ 51 t
P(x1,...,xn) = g Oty tnX] o Xy

t1,.ees th >0
ty+-+tp=t

satisfying the Laplace’s equation

Spherical harmonic of degree t is the restriction of a polynomial satisfying
the above properties to the unit sphere S"~1 in R”.

Let Pp ¢ be the inner product space of all spherical harmonics of degree t
on S"71 with

(P.Q) = [ P)Q) din(z).



Riesz representation theorem gives a natural mapping S"~! > x + Py € Pp;
such that

(P, Q) = /5"_1 Pu(2)Q(2) dun(2) = Q(x) forall Q € Pps.



Riesz representation theorem gives a natural mapping S"~! > x + Py € Pp;
such that

(Px, Q) = / Py(2)Q(z) dun(z) = Q(x) forall @ € Ppy.
S‘n—l
It is well-known that
<'Dxa Py> = Zn,t(X ')/)7 X,y € Sn_l,

where Z,, +(§) = %C}(("*z)/z)(&) is a zonal harmonic

and Ct(a)(f) are the Gegenbauer polynomials.



Riesz representation theorem gives a natural mapping S"~! > x + Py € Pp;
such that

(P, Q) = /Sn_l Pu(2)Q(2) dun(2) = Q(x) forall Q € Pps.

It is well-known that
<'Dxa Py> = Zn,t(X ')/)7 X,y € Sn_l,

where Z,, +(§) = %C}(("*z)/z)(&) is a zonal harmonic
and Ct(a)(f) are the Gegenbauer polynomials.
{Ct(a)(ﬁ)}tzo are orthogonal on [—1, 1] with the weight (1 — £2)*~1/2, and

2 [e.e]

=3 e

t=0

1-z
(1 — 26z + z2)otl
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For any finite sets of points {x;}icz and {y;}jes from S"71,
using the Cauchy-Shwartz inequality in P, ¢, we obtain

(Z > (P, Py,->) 2 = <Z Par D Pyl.>2

i€T jeJ ieT jeJ

< <ZPX,.7ZPX,-> <Z Py,-7ZPy,->

i€T i€eT jeJg jeg

= ZZ<PX;aPX;/>Z Z<Pyj’Pyy>-

icZi'el JjETjeT

Rewriting this in terms of Z, ; gives the inequality

i€L.jeJ i,i'€T hET

2
( Z Zn,t(Xi _y_[)) < (Z Zn,t(Xi 'Xi')) ( Z Zn,t(yj 'yj’)) . (*)
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inequality (*) reduces to a linear inequality on /.

For our (76,30,8,14) SRG, with t = 4, Zig4(£) = 54 — 2160£2 + 7920£4,

we obtain NV > 2;38 > 38.

For t = 4, the resulting bound on N can be expressed in terms of a rational
function of k, r, s of degree < 10 in each variable.

It is possible to prove non-existence of (460,153,32,60) SRG using our
bound (work in preparation).

Positive linear combinations of Gegenbauer polynomials are essentially our
only choices of zonal functions (Schoenberg).
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